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inwhichtheg!®,k=1,2,...ar€ bound from zero when the Polak-Ribiere-
formula is used (see {771). In the study by Powell in [77], a global convergence
analysis suggests that the Fletcher-Reeves formula for Bic is-superior. Powell further
suggests another formula for Bxi—
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conjugate gradient methods, we refer

EXERCISES

10.1 (Adopted from [64, Exercise 8.8(1)]) Let Q bea real symmetric posi-
five definite n X n matrix. Given an arbitrary set of linearly independent vectors
{p®,.. s p*~1} in B7, the Gram-Schmidt procedure generates a set of vectors

(d9,...,d" 1} as follows:
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Shotw that the vectors do. ..., d™ 1) are Q-conjugate.

2 Let f:R™ — Rbe the quadratic function

f(x) = Waeoa —zTb,

where Q = Qf > 0. Given a set of directions AEAS , dw ,...} C R, consider the
algorithm

S+ = 28 4 0 d®,
where oy is the step size. Suppose that .e:aivﬂ&@ —Qforalk=0,...,n—1
andi = 0,...,k, where g(k+l) = v f(x(+1)). Show that if u:&%&:& # 0 for all
k=0,...,n—1,then d® ... h?u: are Q-conjugate.

10.3 Let f : R* — Rbe givenby f(z) = waﬂba _ £Tbh, where b € R*, and Qis

a real symmetric positive definite n X 1 matrix. Show that in the conjugate gradient
method for this f, dPMTQd® = —d®TQg®.

10.4 LetQbearealn X1 symmetric matrix.

. o O)-coniugate set A&E, . .&A:J such that each d?
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Hint:- Use the fact that for any real symmetric 1. X 7 matrix, there exists a set
{v1,.-- , v} of its eigenvectors such that vTv; = 0 for all i,j=1,....m

1 # -

b. Suppose that Q is positive definite. Show that if T&Gv“ . vAA:J is a Q-
conjugate set that is also orthogonal (i.e., &3%&5 = 0 for alli,j=1,...,7m
i # 7), and d9 £0,i=1....,1 then each d®, i =1,...,n isan
eigenvector of Q.

*_10.5 Consider the following algorithm for minimizing a function f:

LD = 2 1 0y d®

k)

where aj = argming, fx® + ad®). Letg® = V f(x*)) (as usual).

Suppose f 1s quadratic with Hessian Q. We choose d*F+Y) = Som:ﬂiv +d®,
and we wish the directions d™® and d*+1) to be Q-conjugate. Find a formula for
~y in terms of d®), gtttV and Q.

10.6 Consider the quadratic function f : R* — R given by
1
flz)= maq@a —z"b,
where Q@ = @H > 0.LetD € R"*" be of rank 7, and Zo € R". Define the function
$: R — Rby
¢(a) = f(@o + Da).

Show that ¢ is a quadratic function with a positive definite quadratic term.

10.7 Let f(z), ¢ = ?Ta&ﬂ ¢ 2, be given by

5 1
flz)y= mam - maw + 2z123 — 371 — T2-

a. Express f(z) in the form of f(z) = 2T Qx — xTh.

p. Find the minimizer of f using the conjugate gradient algorithm. Use a starting
point of z® = [0, 0yT.

c. Calculate the minimizer of f analytically from @ and b, and check it with your
answer in part b.

10.8 Write a MATLAB routine to implement the conjugate gradient algorithm
for general functions. Use the secant method for the line search (e.g., the MATLAB
function of Exercise 7.9). Test the different formulas for 3 on Rosenbrock’s function
(see Exercise 9.3) with an initial condition 20 = Tmﬁﬁﬂ. For this exercise,
reinitialize the update direction to the negative gradient every 6 iterations.



